CLIFFORD THEORY FOR GRADED FUSION 
CATEGORIES 



CESAR GALINDO 

Abstract. We develop a categorical analogue of Clifford theory for 
strongly graded rings over graded fusion categories. We describe module 
categories over a fusion category graded by a group G as induced from 
module categories over fusion subcategories associated with the sub- 
groups of G. We define invariant Ce-module categories and extensions 
of C e -module categories. The construction of module categories over C 
is reduced to determining invariant module categories for subgroups of 
G and the indecomposable extensions of this modules categories. We 
associate a G-crossed product fusion category to each G-invariant Ce- 
module category and give a criterion for a graded fusion category to 
be a group-theoretical fusion category. We give necessary and sufficient 
conditions for an indecomposable module category to be extendable. 



1. Introduction and main results 

1. Fusion categories arise in several areas of mathematics and physics, 
e.g., conformal field theory, operator algebras, representation theory of quan- 
tum groups, topological quantum computation, topological quantum field 
theory, low dimensional topology, and others. 

It is an important and interesting question to classify indecomposable 
module categories over a given fusion category. The existence of certain 
module categories yields valuable information about the fusion category C. 
For example, C admits a module category of rank one if and only if C is the 
category of representations of a semisimple Hopf algebra. 

Let C be a fusion category and let G be a finite group. We say that C 
is graded by G or G-graded if C = QaecCa, and for any a,r G G, one has 
<8> : C a x C T — > 0^ . Graded fusion categories are very important in the study 
and classification of fusion categories, see [3J |3J [5j E] - 

2. In [8] the author gives the first steps toward the understanding of 
module categories over graded tensor categories, developing a Clifford theory 
for a special kind of graded tensor categories. 

The main goal of this paper is to generalize the main results of [8] to ar- 
bitrary graded fusion categories and the description using group-theoretical 
data of the indecomposable module categories of a graded fusion category. 
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Let C be a G-graded fusion category. Given a C-module category M., we 
shall denote by Slc e {M) the set of equivalence classes of indecomposable C e - 
submodule categories of A4. By Corollary 14.21 the group G acts on Oc e (A4) 
by 

G x n Ce (M) n Ce (X), (a, [X]) m- [C CT K Ce X]. 

3. Our first main result is the Clifford theorem for module categories over 
fusion categories: 

Theorem 1.1. Let C be a G-graded fusion category and let M be an inde- 
composable C-module category. Then: 

(1) The action of G on Qc e {M) is transitive, 

(2) Let M be an indecomposable C e -submodule subcategory of M. Let 
H = st([Af\) be the stabilizer subgroup of [Af] £ Qc e (M.), and let 
also 

heH 

Then M.j^ is an indecomposable Ch -module category and A4 is equiv- 
alent to Indc H (A4j\f) as C-module categories. 

Here Ch is the fusion subcategory ©o-g^Co- C C, and <g) is defined in 
Section HI 

Applying Theorem [TTT] to the Cff-module category Aij^ we prove, in Corol- 
lary 14.41 that every indecomposable module category over a G-graded fu- 
sion category C is equivalent to C Mc s M, where N is an indecomposable 
Cg-module category that remains indecomposable as a C e -module category, 
and S C H is a subgroup. Also, in Proposition 14.61 we provide a necessary 
and sufficient conditions for induced module categories to be equivalent. 

4. Let C be a fusion category. An indecomposable C-module category 
is called pointed module category if every simple object in C* M is multi- 
plicatively invertible (see subsection 12.31 for the definition of C* M ) . A fusion 
category is called group-theoretical if it admits a pointed C-module category, 
see [3]. Group-theoretical categories can be explicitly described in terms of 
finite groups and their cohomology, see [18j . 

Let C = ff£G Co- be a G-graded fusion category. A C e -module cate- 
gory A4, is called G- invariant if C a Mc e M. is equivalent to M. as C e -module 
categories, for all a G G. 

Our second main result is a criterion for a graded fusion category to be 
group theoretical, this generalizes |16t Theorem 3.5]. 

Theorem 1.2. A G-graded fusion category C is group-theoretical if and only 
if C e has a G -invariant pointed category. 

Consequently, if a Tambara-Yamagami category (see[20j), or one of their 
generalizations in |12| and |13j . is the category of representations of a Hopf 
algebra, then it is a group-theoretical fusion category (this result is well- 
known for TY categories, see [U Remark 8.48]). 
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5. Corollary 14.41 reduces the construction of indecomposable C-module 
categories over a graded fusion category C = © ffeG C ff , to the construction 
of Cj/-module categories Ai such that the restriction to C e remains indecom- 
posable, for some subgroup H C G. 

If (M, 0) is a C e -module category, then an extension of A4 is a C-module 
category (A4, 0) such that (Ai, 0) is obtained by restriction to C e . 

Our third main result provides a necessary and sufficient condition for an 
indecomposable C e -module category to have an extension. 

Let Ai be an indecomposable C e -module category and Ai = Ind^-M). 
Then, by the results of Section [5j the fusion category C~-^ has a natural 
G op -grading. 

Theorem 1.3. Let C be a G-graded fusion category. Then an indecompo- 
sable left C e -module category Ai has an extension (Ai, 0) if and only ifCj^ is 
a semi-direct product fusion category. There is a one-to-one correspondence 
between equivalence classes of C-extensions of Ai and conjugacy classes of 
graded tensor functors VecQ — > Cj^. 

Consequently, (see Corollary 16. 4p . if Ai is an extension of an indecompos- 
able C e -module category, Cj^ is a G op -equivariantization of C e . Finally, in 
Proposition 16.81 we describe extensions using group-theoretical data. 

6 At the same time this paper was completed, Meir and Musicantov 
posted the paper [H] containing results similar to some of ours. In this 
paper module categories over C are classified in terms of module categories 
over C e and the extension data (c, M, a) of C defined in [6j. 

7 The organization of the paper is as follows: In Section 2 we discuss 
preliminaries. In Section 3 we study module categories graded over a G-set 
and provide a structure theorem for them. In Section 4 we prove Theorem 
11.11 In Section 5 we study G-graded module categories and invariant module 
categories, and we prove Theorem II. 2i In Section 6 we prove Theorem 11.31 

Acknowledgements This work was partially supported by the Project 
003568 of the Department of Mathematics, Pontificia Universidad Javeri- 
ana. The author thanks M. Mombelli, J. Ochoa and E. Rowell for useful 
discussions and advise. 



2. Preliminaries 

Throughout the paper we work over an algebraically closed field k of 
characteristic 0. All categories considered in this paper are finite, abelian, 
semisimple, and A:-linear. All functors and bifunctors considered in this 
paper are additive and /c-linear. 
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2.1. Fusion categories. By a fusion category we mean a fc-linear semisim- 
ple rigid tensor category C with finitely many isomorphism classes of simple 
objects, finite dimensional spaces of morphisms and such that the unit ob- 
ject of C is simple. We refer the reader to [4] for a general theory of fusion 
categories. 

Example 2.1 (Examples of fusion categories). 1. The category Vec^ of 
finite dimensional vector spaces graded by a finite group G. Simple objects 
in this category are {fc ff } ff£ G, the vector spaces of dimension one graded 
by a G G, and the tensor product is given by k a ® k T = k aT , with the 
associativity morphism being the identity. 

More generally, choose uj G Z i (G,k*) a normalized 3-cocycle. To this 3- 
cocycle we can attach a twisted version Vec^ of Vecc: the simple objects and 
the tensor product functor are the same, but the associativity isomorphism 
is given by ay a y T y p = oj(a,r, p)id. The pentagon axiom then follows from 
the cocycle condition 

lu(t, p, ^)w(cr, rp, v)uj(a, r, p) = oj(ar, p, v)oj{a, r, pv). 

Note that cohomologous cocycles define equivalent fusion categories. 

2. The category Rep(-ff) of finite dimensional representations of a finite 
dimensional semisimple quasi-Hopf algebra H. 

3. The category of integrable modules (from category O) over the affine 
algebra sl2 at level I (see [I]). 

By a fusion subcategory of a fusion category C we understand a full tensor 
subcategory of C. For any fusion category C, the unit object 1 generates a 
trivial fusion subcategory equivalent to Vec, the fusion category of finite 
dimensional vector spaces over k. 

2.2. Multiplicatively invertible objects and pointed fusion cate- 
gories. An object X in C is said to be multiplicatively invertible if X is 
rigid with a dual object X* such that X (g) X* = 1. An invertible object 
is necessarily simple and the set of isomorphism classes of invertible objects 
forms a group: the multiplication is given by tensor products and the inverse 
operation by taking dual objects, we shall denote this group by U(C). 

A fusion category is called pointed if all its simple objects are multi- 
plicatively invertible. Examples of pointed fusion category are the fusion 
categories Vecg. 

Let C be a fusion category. In order to see whether a pointed fusion 
subcategory T> C C is tensor equivalent to Vecc, with U(V) = G, we choose 
a set {X a } a€ G of representative objects and a family of isomorphisms {t a , T '■ 
X a % X T — > X aT } a>Tt =G- Recall, for all simple object X £ C, Endc(^) = k, 
thus there exists a unique function to : G x G x G — > k* , such that 

tx aT ,x p o {t XlT ,x T ® idx p ) = wfo, h, k)t Xa ,x Tp ° (idx CT ® tx T ,x p ) 

for all o~,t, p G G. The function w is a 3-cocycle, and the ambiguity of 
the choice of t CTjT gives rise to a coboundary of G, the cohomology class 
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to (D) G H 3 (G; k*) is well defined, which is referred to as the obstruction of 
V. 

The following proposition is well known and follows from the previous 
discussion, we include it for reader's convenience. 

Proposition 2.2. Let T> be a pointed fusion category. Then T> is tensor 
equivalent to VecQ, where G = U(T>) and uj is a 3-cocycle in the class of 
u(T>). The pointed fusion category T> is tensor equivalent to VecQ if and 
only if uj(T>) = 0. 

□ 

2.3. Module categories over fusion categories. Let (C, (£>, 1, a) be a 
fusion category, where 1 is the unit object and a is the associativity con- 
straint. Without loss of generality we may assume that ctx,i,Y = ®x,Y,i = 
&i,X,Y = idx®Y for all X, Y G C. 

A left C-module category (see [I7j ) is a category M. together with a bifunc- 
tor (g) : C x M — > M. and natural isomorphisms mx, y m ■ (X ®Y) <8> M — > 
X®(Y®M), for all M G M, X, Y G C, such that the following two equations 
hold for all M e M, X,Y,Z G C: 

(1) (ax,Y,z ® M)mx,Y®z,M(X ® m Y ,z,M) = m x ®Y,z,Mm x ,Y,z®M, 

(2) 1 <g> M = M. 

For two left C-modules categories M. and A/", a C-module functor (F, <p) : 
M. — > A/ consists of a functor i^ 1 : A4 —> M and natural isomorphisms 

<j> x ,M ■ F(X ®M)^X® F(M), 

such that 

(3) (X ® (t)Y,M)4>X,Y®MF(m X ,Y,M) = mxx,F(M)4>XiS>Y,M 

for all J,reC,Me M. 

A C-linear natural transformation between C-module functors (F, <f>), (F', 4>') : 
A4 —> A/", is a /c-linear natural transformation a : F — > i 7 ' such that 

( t } 'x,M (Jx ® M = (X ® 0- M )4>X,M, 

for all A G C, A/ G A4. 

We shall denote the category of C-module functors and C-linear natural 
transformations between C-modules categories Ai,N by Fc{M.,N). 

Two C-module categories A^i and A42 are equivalent if there exists a 
module functor from A4i to M2 which is an equivalence of categories. 

For two C-module categories M\ and M2 their direct sum is the cat- 
egory Mi ® M2 with the obvious module category structure. A module 
category is indecomposable if it is not equivalent to a direct sum of two non- 
trivial module categories. It was shown in [17J that C-module categories are 
completely reducible, i.e., given a C-module subcategory N of a C-module 
category M. there is a unique C-module subcategory M' of M. such that 
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Ai = N ® Af' '■ Consequently, any C-module category Ai has a unique, up 
to a permutation of summands, decomposition Ai = ® x esA4 x into a direct 
sum of indecomposable C-module categories. 

Let Ai be a right module category over C. The dual category of C with 
respect to Ai is the category C* M := .^(Al, A4 ) whose objects are C-module 
functors from Ai to itself, and morphisms are natural module transforma- 
tions. The category C* M is a multi-fusion category with tensor product being 
composition of module functors. It is known that if Af is an indecomposable 
module category over C, then C^ is a fusion category 

2.4. Algebras in fusion categories. Let C be a (strict) fusion category. 
An algebra (A, V, if) in C consists of an object A and morphisms V : A® A — > 
A, rj : 1 — > A such that 

V(V g> idU) = V(id j4 (8 V), V(t/ 8) icU) = V(id A ® fj) = idx- 

Let Af be a left C-module category. A left ^-module (M, A) in A4 over 
an algebra A in C is an object M in Af with a morphism A : A ® M — >■ M 
in Af which is associative in the sense of 

A(V <g> id M ) = A(id A !8) A)mA,A,M : (-4 (8) A) <g> M -> M, 

and satisfies A (77 ® idju) = idjv^f - Morphisms are defined in the obvious way, 
and the category of A- modules in Af is denoted by a Ai . 

In the same way we define the categories Ma of right ^4-modules in M, 
for a right C-module, and the category aCa of ^4-bimodules in C. 

If A is an algebra in C, the category C^ is a left C-module category with 
action given by C x C A -> Ca, (X, (M, p)) i-4 (X (g) M, id x ® p). 

An algebra A £ C in a fusion category is called a semisimple algebra if 
the category C4 is semisimple. If A is semisimple then aC and aCa are 
semisimple categories. 

Let C be a fusion category, A a semisimple algebra in C, M € Ca, and 
A Ga A4, where Af is a left C-module category. The tensor product M <&a 
N G Af is defined as the coequalizer of 



(id ® A N)mMAN 
Am® id 

A semisimple algebra A is called indecomposable if Ca is an indecompos- 
able left C-module category. Under this condition, (aCa, <8>a> A) is a fusion 
category, see [3]. 

2.5. Internal Horn and Morita theory. An important technical tool in 
the study of module categories is the notion of internal Horn. Let At be a 
module category over C and M\,M2 £ Ai. Consider the functor Hom(— <8> 
M\,M2) from the category C to the category of vector spaces. This functor 
is exact and thus is representable. The internal Horn Hom fMi . My) is an 
object of C representing the functor Honiyvf (— ® Mi, M2). Given a non-zero 
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object M £ M, the internal Horn, A = Hom fM, M) € C has a natural 
algebra structure, such that the left C-module category of right j4-modules 
in C is equivalent to M. as left C-module categories, jT7J Theorem 1]. 

We recall a generalization of a theorem of Watts [23], see |19t Theorem 
3.1]. 

Theorem 2.3. Let R and S be semisimple algebras in a fusion category C. 
The functor 

T : rC s 3 M h> (-) ® R M <E FctCtoCs) 
is a category equivalence. Its quasi-inverse equivalence maps a functor F : 
Cr — > Cs to T~ l (F) := F{R), with the left R-module structure 

FCV) 

R ® F(R) = F(R ® R) F(R) 

□ 

Definition 2.4. Let C be a fusion category, and M be a left C-module 
category. We shall say that an algebra A in C represents .M if C^ is equivalent 
to M. as left C-module categories. 

If A, B are algebras in C, and F : Ca — > Cb is a C-module functor, we shall 
say that .M Ga Cb represents F if F is equivalent to (— ) ®aM as C-module 
functors. 

Two algebras A, B in C are Morita equivalent if Ca — Cb as C-module 
categories. 

Corollary 2.5. Let S and R be semisimple algebras in C, then they are 
Morita equivalent if and only if there exists an (S, R)-bimodule M and an 
(R, S)-bimodule N, such that M® B N = S as S-bimodule and N® A M = R 
as R-bimodule. 

□ 

2.6. Tensor products of module categories. Recall that a monoidal 
category is called strict if the associativity constraint is the identity. A 
module category (Ai, n) over a strict tensor category is called a strict module 
category if the constraint /i is the identity. By Proposition 2.2] we may 
assume that every fusion category and every module category is strict. 

Let C, V be fusion categories. By definition, a (C, X>)-bimodule category is 
a module category over CMD mv , where D rev is the category T> with reversed 
tensor product, and M is the Deligne tensor product of abelian categories, 
see [2]. 

Let A be an abelian category and M.,N left and right (strict) C-module 
categories, respectively. 

Definition 2.6. (6j Definition 3.1] Let F:A4xA/"H-ibea bifunctor 
exact in every argument. We say that F is C-balanced if there is a natural 
family of isomorphisms 

b M ,x,N ■ F{M ®X,N)^ F(M, X ® N), 
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such that 

for all M £ M, N £ Af, X, Y G C. 

Definition 2.7. [6, Definition 3.3] A tensor product of a right C-module 
category M. and a left C-module category M is an abelian category M. Mc M 
together with a C-balanced functor 

Bm,M :MxN^MM c M 

inducing, for every abelian category A, an equivalence between the category 
of C-balanced functors from A4 x N to A and the category of functors from 
M M c M to A: 

F ha i (M x J\f,A) = F(M M c M, A) . 

Remark 2.8. (1) The existence of the tensor product for module cate- 
gories over fusion categories was proved in [6]. 
(2) If the modules categories are semisimple then the tensor product is 
a semisimple category, see [6] . 

Given a right C-module functor F : A4 — > A4' and a left C-module functor 
G-.M^N 1 note that B M ,^r(F MG) : MMM -> M' M C N' is C-balanced. 
Thus the universality of B implies the existence of a unique right functor 
FMqG := BM',Af'(F M G) making the diagram 



M MN 



M' MM' 



B 



_ FJEirG 

MM C N — M' M e M' 

commutative. The bihomorphism Mq is functorial in module functors, i.e., 
(F' M c E')(F M c E) = FF M c E'E. 

Remarks 2.9. (1) If M. is a (C, £ )-bimodule category and N is an (£, V)- 
bimodule category, then M. MgN is a (C, X>)-bimodule category and 
Bm,n is a (C, r>)-bimodule functor, see [TTJ Proposition 3.13]. 

(2) Let M. be a (C, P)-bimodule category. The C-module action in M. 
is balanced. Let r_M : C Mc M. — > M. denote the unique functor 
factoring through B_m,v- In [HI Proposition 3.15] it was proved 
that r_M is a (C, 2?)-module equivalence. 

(3) Let M. be a right C-module category, H a (C, D)-bimodule category, 
and /C a left P-module category. Then by [HI Proposition 3.15], 
there is a canonical equivalence (M M c J\f) M v K = M M c (W M VIC) 
of bimodule categories. Hence the notation M Mq M Md /C will yield 
no ambiguity. 
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2.7. Graded fusion categories. Let C be a fusion category and let G be 
a finite group. We say that C is graded by G if C = ©o-eGCo-, and for any 
cr, r € G, one has © : Co- x C r — > C aT . 

The fusion subcategory C e corresponding to the neutral element e £ G 
is called the trivial component of the G-graded category C. A grading is 
faithful if C a 7^ for all a £ G, in this paper we shall consider only faithful 
gradings. 

2.8. Graded module categories. 

Definition 2.10. Let C = ©o-eGCo- be a graded fusion category and let X be 
a left G-set. A left X-graded C-module category is a left C-module category 
.M endowed with a decomposition 

into a direct sum of full abelian subcategories, such that for all a £ G, 
x £ X, the bifunctor © maps C- x A4 X to A-lo-x. 

An X-graded C-module functor F : Ad — > J\f is a C-module functor such 
that F(A4 X ) is mapped to A/" x , for all x £ X. 

3. Induced module categories 

Let C be a fusion category and let V C C be a fusion subcategory. Given 
a left V- module category A4 and an algebra A inV, such that M. = T>a as 
left P-module categories, we define the induced module category from T> to 
C, denoted by Indp(A / l), as the C-module category Ca- 

If M. = T>a and M = Vb are P- module categories and F : .M — > N is a 
P-module functor represented by a (1?, A)-bimodule M, then M defines a 
C-module functor Ind£(F) = (-) ©a M : Ind£,(.M) Ind^jV), called the 
induced module functor. 

Remark 3.1. (1) By Corollary 12. 5| the equivalence class of Indp(A4) as 
C-module category does not depend on the algebra A. 
(2) If C" C C C C are fusion categories and A4 is a C"-module category 
then Ind^//(Ind^/(A4)) = lnd^„(A4). This is analogous for functor 
and natural transformations of module categories. 

Given a G-graded fusion category C, and a subgroup H C G, we shall 
denote by Cff the fusion subcategory QhenCh- 

Proposition 3.2. For each subgroup H C G, induction defines a 2-functor 
from the 2-category of Ch -module categories to the 2-category of C-module 
categories graded over G/H . 

Proof. Let M. be a Cf/-module category, and suppose that M. = (Ch)a 
for some algebra A £ Cf/. If M £ Ca, then M = @ g H^G/G^gH-: where 
M 9 h £ C gH - Thus £ Ca, so Ind<£ H (M) = C A is graded by G/H. 
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Let Ai and Af be Cff-module categories such that AA = (Ch)a and -A/" = 
(Ch)b for algebras A, B G C#. Every C^-module functor from .M to Af is 
equivalent to the functor (— ) ®a M for some (^4-l?)-bimodule in Ch (see 
Theorem 12.3ft . Then the induced functor from Ca to Cb is (— ) ®a M, and 
it is G / H-graded. □ 

Theorem 3.3. Let C = (BuggCu be a G-graded fusion category. For each 
H C G, the induction of module categories and module functor defines a 2- 
equivalence from the 2-category of module categories over Ch and C-module 
categories G /H- graded. 

Proof. Let AA be a C-module category G/ H-graded. Then AAh is a Cff- 
module category. For each AAh > the internal Horn, Hom(M, M) G 

Ch with respect to the module category A4 X is also the internal Horn in C 
of Ai. In fact, if X G C a , and a ^ H, then X M £ Ai x , so 

Hom_A/f (X ® M, M) = = Hom c (X, Horn (M, M) ) . 

Then M = C Hom(MM) = hri£ H (M x ). 

Let Ai and A/ be C-module categories graded over G/H such that AA = Ca 
and Af = Cb for algebras £ Ctf- Then by Theorem 12.31 every C-module 
functor from AA to Af is equivalent to the functor (— ) ®a M for some (j4- 
S)-bimodule in C. If M defines a G/fZ-module functor then M G C#, so by 
definition is the induced of a Cff-module functor. □ 

Remark 3.4. By Theorem 13.31 the 2-category of module categories over C e 
and the 2-category of G-graded C-module categories are 2-equivalent. 

Proposition 3.5. Let C be a G-graded fusion category. If Ad is a left Ch- 
module category then C ^c H M — Incfe (AA) as C-module categories. 

Proof. The C-module category CMq h M is G / H-graded where (CMc h M) 9 h = 
(C gH ) M Ch M. In particular (C M C[I M) H = C H M Ch M = AA as C^-module 
categories, then by Theorem EH C M Ch AA = lnd^ H (AA). □ 

Remark 3.6. Proposition 13.51 implies that Ind^ ff (.M) is a semisimple C- 
module category. In fact, by [H Proposition 3.5], the category C Mc H 
is equivalent to Homc H (C op , AA), and by [U Theorem 2.16], the category 
Homc H (C op , AA) is semisimple. 

Let AA = (BgHeG/H M g H be a G/ H-graded C-module category. We 
define the canonical functor Jl : CM AAh ^ M,X M M ^ X ® M. It is 
clear that JL is a Ce/-balanced functor, thus JI defines a C-module functor 
Ik : C M Ch Mh -> A4. 

Proposition 3.7. TTie functor fj, : C Mc H Mh AA is a G / H-graded 
equivalence of C-module categories. In particular, each li 9 h '■ C 9 hMc h AAh 
Ai g H is an equivalence of left Ch -module categories. 
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Proof. The functor // is a G/ H-graded functor, and \ih = tm '■ Ch^c h M — > 
M. is an equivalence of C^-module categories (see part 2 of Remark 12. 9ft . 
Thus by Theorem 13.31 M — Ind(/i#) as C-module functors, and it is an 
equivalence. □ 

The following result appears in [6, Theorem 6.1] we provide an alternate 
proof using our results. 

Corollary 3.8. For every o~,t 6 G, the canonical functor 
is an equivalence of C e -bimodule categories. 

Proof. Let us consider the graded C-module category C(r), where C = C(r) 
as C-module categories, but with grading (C(r)) cr = C Ta , for rgG. 

Since C(r) e = C r , by Proposition 13.71 the canonical functor \i a : C a Mc e 
C T — > C(r) CT = C T<T is a C e -bimodule category equivalence. But by definition 
= /V,r> so the proof is finished. □ 

4. Clifford theory for graded fusion categories 

In this section we shall denote by C a fusion category graded by a finite 
group G. 

Let M. be a C-module category, and let Af C A4 be a full abelian sub- 
category. We shall denote by C a <giJ\f the full abelian subcategory given by 
Ob{C®M) = {subquotients of V <g> N : V £ C„, N € N}. (Recall that a 
subquotient object is a subobject of a quotient object.) 

Let M. be a C-module category and let TV be a C e -submodule category of 
M. . The bifunctor ® induces a canonical C e -module functor fi a : C a Mc e Af — > 

c CT w. 

Proposition 4.1. Xei .A4 be a C-module category and let J\f be an indecom- 
posable C e -submodule category of Ad. Then the canonical C e -module functor 
: C CT Mc e Af ~^ C a ®N ', is an equivalence of C e -module categories, for all 
a£G. 

Proof. Define a G-graded C-module category by gr — Af = ffgG C a ®N , 
with action 

<g) : C CT x C h ®Af -> C ah ®Af 
V a x T H- K ® T. 

Since A/ - is indecomposable, C e ®Af = Af as a C e -module category, so by 
Proposition 13.71 the canonical functor /i : C Klc e Af gr — Af is a category 
equivalence of G-graded C-module categories and the restriction [i a : C a Klc e 
Af — > C a ®Af is a C e -module category equivalence. □ 

Given a C-module category A4, we shall denote by Q.c e {M) the set of 
equivalence classes of indecomposable C e -submodule categories of A4. 
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Corollary 4.2. Let M. be a C-module category. The group G acts on 
n Ce (M) by 

G x fl Ce (M) ^ flcAM) 
(g,[M])^[C a m Ce M] 

Proof. Let N be an indecomposable C e -submodule category of AL By 
Proposition 14.11 the functor 

is a C e -module category equivalence, so C a Mc e N 1S equivalent to a Ce- 
submodule category of M.. □ 

Let A4 be an abelian category and let J\f, A/' be full abelian subcategories 
of M. , we shall denote by M + N' the full abelian subcategory of M. where 
Ob{M+M') = {subquotients of N®N' : N G M, N' G TV'}. It will be called 
the sum category of A/ and A/"'. 

Now, we are ready to prove our first main result: 

Proof of Theorem \l.l[ (1) Let A/ be an indecomposable C e -submodule cat- 
egory of M , the canonical functor 

fj, : C S Ce A/ -> M 

is a C-module functor and \x = (B a eGfJ>a> where \x a = [i\c<j^c e N- By Proposi- 
tion 14.11 each fj, a is a C e -module category equivalence with C a ®N. 

Since Ai is indecomposable, every object M G A4 is isomorphic to some 
subquotient of n(X) for some object X G CMc e M. Then J\A = ^^qC^M, 
and each C a ®J\f is an indecomposable C e -submodule category. 

Let 5,5' be indecomposable C e -submodule categories of A4. Then there 
exist a, r G G such that C CT K Ce A/ = 5, C r M Ce M = S', and by Corollary 
13.81 S' = C Ta -i Mc e S. So the action is transitive. 

(2) Let H = st([A/]) be the stabilizer subgroup of [A/] G f2c e (A4) and 

Since H acts transitively on Oc e (A4jv r ), the Cff-module category A4,a/ 
is indecomposable. Let £ = {e, . . . , a n } be a set of representatives of 
the cosets of G modulo H. The map 4> ■ G/H -» ffc^A^), 4>{crH) = 
[Ca^M-Af] is an isomorphism of G-sets. Then M. has a structure of G/H- 
graded C-module category, where M. = ® (7 £_y,C ( j(3M.j^. By Theorem 13.31 
A4 = C Mq h A4j\f as C-module categories. □ 

Definition 4.3. Let C be a G-graded fusion category. If (A 7 !,®) is a Ce- 
module category, then a C-extension of A4 is a C-module category (A4,0) 
such that (A4, <X>) is obtained by restriction to C e . 
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Corollary 4.4. Let A4 be an indecomposable C-category, and M an inde- 
composable Ce-module category. Then there exists a subgroup S C G, and a 
Cs-extension (J\f, ©) of M , such that A4 = C Klc s M as C-module categories. 

Proof. Let M C M. be an indecomposable C e -submodule category. By the 
proof of part (1) of Theorem 11.11 we have that A4 = J2aeG C<r®-M, where 
each C a 0j\f is an indecomposable C e -module subcategory of M.. Let X = 
Gj ~, where a ~ r if and only if C a ®M = C T ®M for a, r G G. Then 
A4 = © x . e x C x as a direct sum of C e -module categories, and M. is an X- 
graded C-module category, where X has the following G-action: 



for a G G, x,y G X . 

Again by part (1) of Theorem ll.il X is a transitive G-set. Then by The- 
orem 13.31 A4 = CMsM as C-module categories, where S = {a G G\C a ®N = 



Remark 4.5. Following with the notations in the proof of Corollary 14.41 
if A4 is an indecomposable C-module category, the set of indecomposable 
C e -module subcategories of A4 is a transitive G-set isomorphic to G/S. 

Proposition 4.6. Let H, H' C G be subgroups, and (A", 0), (A/"',©') be 
a Cn-extension and a Cn'-extension of the indecomposable C e -module cat- 
egories N and A/ 7 , respectively. Then C ^c H , A/"' = C ^c H A/" if and only 
if there exists a G G such that H = aH'a^ 1 and C a jji ^c H , A/"' — N as 
Ch -module categories. 

Proof. Let F : C ^c H i A/"' — > C ^c H N De an equivalence of C-module cat- 
egories. The functor F maps indecomposable C e -module subcategories of 
C ^c ff / A/"' to indecomposable C e -module subcategories of C Mc H M, and 
F(X V) = X F(F) for all X G C, X G C B Ch , A"', thus (see Re- 
mark F defines a G-set isomorphism from G/H to G/H' . Recall that 
G/H and G/H' are isomorphic if and only if there exists a G G such that 
i7 = aH'a^ 1 , and the G-isomorphism is defined by oFL' i— > f/\ Then, by 
restriction, the functor i 7 defines an equivalence of Ctf-module categories 



5. Invariant and G-graded module categories 
In this section we shall denote by C a G-graded fusion category. 

Definition 5.1. A C e -module category A4 is called G-invariant if C CT Klc e -M 
is equivalent to Ai as C e -module categories, for all a G G. 

By Corollary 14.41 every C-module category is equivalent to an induced 
module category of an 5-invariant Cg-module category for some subgroup 



cry = x if and only if C a ®C y ®N = C x 0j\f, 



AO- 



□ 




□ 



S c G. 
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Let C be a G-graded tensor category. For a G-graded C-module category 
A4 = ff£G AA a and cr £ G, we define a new G-graded C-module category 
M(a), as the C-module category M with A4(cr) T = A4 rcr for all r £ G. 

A C-module functor F : A4 — > AA is called a graded C-module functor 
of degree cr (cr £ G), if F(M X ) £ A/" ffi <r for all x £ G,M a . £ 7W S . Graded 
module functors of degree cr build a full abelian subcategory Fc(A4,Af) a of 
Fc(A4,Af). We also have following equalities: 

^ c (A4,A0 e = Jf"(A4,A0, 

F c (M,Af)a = F° r (M,Af(a)) = JfiMicj- 1 ),^). 

Note that C* M = J r c(M,M) = ctgG fFc{M, M) a , and with this grading 
C* M is a G op -graded (multi)-fusion category. 

Definition 5.2. A graded tensor category over a group G will be called 
a crossed product tensor category if every homogeneous component has at 
least one multiplicatively invertible object. 

Proposition 5.3. Let C be a G-graded fusion category. An indecompo- 
sable C e -module category Af is invariant if and only ifC£^ * s G^ -crossed 
product fusion category. 

Proof. By Theorem 13.31 if A4 and Af are G-graded C-module category, the 
induction functor defines equivalences 

F C {M,Af)<r = FcAMeMa) = F Ce (M a -i,Af e ). 

Thus Fq (C Mc e Af, C Mc e Af) is a crossed product if and only if Tc (C Mc e 
Af, C Mc e Af) a = Fc e (A/", C a Mc e Af) has at least one equivalence for all cr £ G, 
i.e. if A^ is G-invertible. □ 

Let C be a fusion category. An indecomposable C-module category is 
called pointed module category if C* M is a pointed fusion category. A fusion 
category is called group-theoretical if it admits a pointed C-module category, 
see ptj. Group-theoretical categories can be explicitly described in terms of 
finite groups and their cohomology (see |18j). 

We are now ready to prove Theorem II. 2 \ which is a generalization of |16^ 
Theorem 3.5] 

Proof of Theorem Let Af be a G- invariant pointed C e -module category. 
Then by Proposition 15.31 ^cs c Af 1S a G op -crossed product category, where 
(C£g c j^) e = (C e )j^ is a pointed fusion category, so C^ ^ is pointed. 

Conversely, let A4 be a pointed C-module category and Af C AA be a C e - 
submodule category. Then by |16|, Lemma 2.2] and Proposition 13.71 the sta- 
bilizer of [Af] in Vtc e {AA) is G, so Af is G- invariant. Now, the same argument 
of Theorem 3.5] implies that AA is a pointed C e -module category. □ 
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Remark 5.4. Let C be a G-graded fusion category. By [10, Theorem 3.3] and 
[i~0l Remark 2.11], the group G acts on Z(C e ) by braided autoequivalences, 
and therefore G also acts on the set of Lagrangian subcategories of Z(C e ) 
(see O subsection 1.4.1] for the definition of Lagrangian subcategories of a 
braided fusion category). In [10} Corollary 3.10] the following criterion for 
a graded fusion category to be group-theoretical was proved: C is group- 
theoretical if and only if Z(C e ) contains a G-stable Lagrangian subcategory. 
As we shall see, the above criterion is equivalent to the criterion Theorem 
11.21 Using the bijective correspondence between equivalence classes of La- 
grangian subcategory of Z(C e ) and pointed C e -module categories proved in 
[31 Theorem 4.66], and the description of the action of G on Z(C e ) given 
in [lOl subsection 3.1], it is easy to see that if N is a pointed C e -module 
category and £ is the corresponding Lagrangian subcategory of Z(C e ), then 
for any a € G, the Lagrangian subcategory corresponding to C a Mc e M is 
<r*(£). Thus, C e has a G-invariant C e -module category if and only if Z(C e ) 
has a G-stable Lagrangian subcategory. 

Corollary 5.5. Let C be a G-graded fusion category such that C e = VecA, 
where A is an abelian group. Then C has an invariant module category if 
and only if C is group-theoretical. 

Proof. If A is an abelian group, then every indecomposable module cate- 
gory over Vecyi is pointed, see [151 Theorem 3.4]. So, the corollary follows 
immediately by Theorem 11.21 □ 

A Tambara-Yamagami category is a Z2-graded fusion category C = Co © 
C±, such that Co is pointed and C\ has only one simple object up to isomor- 
phisms, see [20] for a complete classification. 

Remark 5.6. Corollary 15.51 applies to Tambara-Yamagami categories, and 
their generalizations [12], [13] . In particular, if a fusion category of this type 
is the category of representations of a Hopf algebra, i.e., if it has a fiber 
functor, then it is a group-theoretical fusion category (it is well-known for 
TY categories, [H Remark 8.48]). 

Module categories over group-theoretical fusion categories were classified 
by Ostrik in [18]. As an application of some of our results, we shall describe 
indecomposable module categories over a non group-theoretical Tamabara- 
Yamagami category. 

Proposition 5.7. Let C be a non group-theoretical Tambara-Yamagami ca- 
tegory, where Cq = VecA for an abelian group A. Then every indecomposable 
C-module category is equivalent to Ck a B, where k a B £VecA C C is a twisted 
group algebra for B C A. 

Proof. By Corollary 15.51 a Tambara-Yamagami category is non group-theo- 
retical if and only if it has only non Z2-invariant Co-module categories. Let 
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M. be an indecomposable C-module category, and N C M. be an inde- 
composable Co-module category. If N is an indecomposable module cat- 
egory over Co =VecA, then by [18], there exists a subgroup B C A, and 
a € Z 2 (B, k*) such that M = (Co)k a B as Co-module categories. 

Since C has only non Z2-invariant Co-module categories, Theorem 11.11 
implies that M = Ind^jV = C kaB - □ 

6. Extending indecomposable module categories 

Corollary 14.41 reduces the construction of indecomposable C-module cat- 
egories over a graded fusion category C = ©o-gG-Cj, to the construction of 
Cf/-module categories A4 such that the restriction to C e remains indecom- 
posable, for some subgroup H C G. 

In this section we shall provide a necessary and sufficient condition when 
an indecomposable C e -module category can be extended. 

6.1. Semi-direct product and equivariant fusion categories. Let Aut®(C) 
be the monoidal category where objects are tensor auto-equivalences of C, 
arrows are tensor natural isomorphisms, and tensor product is the compo- 
sition of functors. An action of the group G over a monoidal category C, is 
a monoidal functor * : G — > Autg,(C). 

Given an action * : G — > Aut^(C) of G on C, the semi-direct product fu- 
sion category, denoted by C x G is defined as follows: As an abelian category 
C x G = ©o-gcCj, where C a = C as an abelian category, the tensor product 
is 

[X,a]®\Y,T]:=[X®a*(Y),(TT], X,YeC, a,r£G, 
and the unit object is [l,e]. See [21J for the associativity constraint and a 
proof of the pentagon identity. 

The category C xi G is G-graded by 

C x G = 0(C x G) CT , where (C x G) a = C a , 

and the objects [1,ct] € (C x G) a are invertible, with inverse [l,cr _1 ] G 
(CxGVi. 

Another useful construction of a fusion category starting from a G-action 
over a fusion category C is the G-equivariantization of C, denoted by C G , see 
PJ. Objects of this category are objects X of C equipped with an isomor- 
phism U(j : <r*(X) — » X for all a E G, such that 

where 7 CT)T : o"*(r*(X)) — > (<rr)*(X) is the natural isomorphism associated to 
the action. Morphisms and tensor product of equivariant objects are defined 
in an obvious way. 

Lemma 6.1. Let C be a G-graded fusion category, then: 

(1) C is equivalent to a semi- direct product fusion category over G if and 
only if there is a G-graded tensor functor Veca — > C. 
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(2) There exists a correspondence between G-actions over C e , such that 
the associated semidirect product is tensor equivalent to C, and G- 
graded tensor functors Vecc — > C. 

Proof. It follows from [8} Section 3]. □ 

6.2. Extending indecomposable module categories. Recall, if (Ai, 0) 
is a C e -module category, then an extension of At is a C-module category 
(Ai,Q) such that (Ai,<S>) is obtained by restriction to C e . We shall say 
that two C-extension of a C e -module categories are equivalent if they are 
equivalent as C-module categories. 



Each graded functor (F, li) :Vecc — > C defines a C-extension (C e , © 



, m 



of the C e -module category (C e , 0) in the following way: Let F{k a ) = 1 CT , and 
M<j,/i : 1<t/i ->• lo- ® l/i, then we define (C e , Q F ,m F ) by 

14 F X e = K X e <g> m^y TiIe = idy CTlS) y T ®x e 7fc T -i,fc CT -i 

for all 14- G C CT , 14 € C T , X e G C e , and a,T £ G. 



Definition 6.2. We shall say that two graded functors (F, 7), (F', 7') : 
Vecc — >• C are conjugate if there is a multiplicatively invertible object U G C e 
and a family of isomorphisms CT : F{k (7 ) U — > U F'(k a ) for all a G G, 
such that the diagram 



(4) 



F{k aT )®U 



7fe CT , feT (glide/ 



F(fc ff ) F(fcr) C/ 



e CTT 



?7 F'(A; 



[7 F'{K a ) i^(Av) 



id 



1 F(k <J ) 



F(k a )®U ®F'{k T ) 



©a®id F / (feT) 



commutes for all cr, r G G. 

If (F, 7), (F',7') : Vecc — > C are conjugate graded functors, then the C- 
extensions associated are equivalent. In fact, the functor C e — > C e ,X e i-> 
-Xe E4 with the natural isomorphisms 

idy CT ®x e ® = V a X e F(A: ff -i) <g>[/^14<g>X e 0[/0 F'(k a -i) 

for all 14- £C ff ,I e G C e , define a C-module equivalence. 

Proposition 6.3. Let C be a graded fusion category. Then the C e -module 
category (C e ,0) can be extended if and only if C is a semi-direct prod- 
uct. There is a one-to-one correspondence between equivalence classes ofC- 
extensions of C e and conjugacy classes of graded tensor functors VecQ — > C. 
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Proof. If C = C e x G, then the category C e is a C e x G-module category with 
action [V, cr] W = V <7*(W), see [211 Example 2.4]. 

Let (C e , 0,/f) be an extension of (C e ,®). By Corollary 13.81 ((8), C ff ) is the 
tensor product of C a and C e as C e -bimodule categories, and by Proposition 
14.11 defines a C e -module equivalence such that the diagram 




commutes. Thus Q{V) =701, for all V G C a . For each cr e G, let 1 CT G C a 
be the unique object (up to isomorphism) such that 1 CT 1 = 1. 

Using the natural isomorphisms ^v a ,x e ,i and Mv CT ®X e ,i _i,i> we bave 



^0le = (K, X e ) 1 

= (V, X e ) (l CT -i 1) 
= (^8^81,-1)01 
= Vv ®X e ® l CT -i, 

for all VJj € Co-, X e G C e . Then we can assume that V a QX e = V a ®X e l CT -i 
for all V CT G C X e € C e , cr G G. 
The natural isomorphisms 

: 1<t 1ft Ift-io-i ->• 1<t lft lft-i lo-i 

define isomorphisms 7^-1 ^-i : l^-i^-i — >• l fe -i l^-i for all a,h £ G. Now, 
by the pentagonal equation ([I]), the functor F :Vecc — )■ C, A; CT i->- 1^ with the 
natural isomorphisms 7 CT)T : 1 CTT — > 1 CT 1 T , defines a graded tensor functor. 
By Lemma l6.lt C is equivalent to a semi-direct product fusion category. 

The construction of the graded tensor functor (F, 7) :Vecc — > C, associ- 
ated to a C-extension (C e ,0) of (C e ,0), shows that (C e , 0) is equivalent to 
(C e ,Q F ). 

Let (F,7), (F',V) :Vec G ^ C be graded functors, and (T, 77) : (C e ,0 F ) -4 
(C e , F ) an equivalence of C- module categories. The functor (T, 77) is also an 
equivalence of C e -module categories, so there is a multiplicatively invertible 
object U G C e , such that T(X e ) = X e U and 77y e , x e = idy e ®x e ®iy for all 
V e ,X e G C e . The natural isomorphisms 

m.XK-^ ■ F{k a ) ) U -4 F(kcr) 0*7 F'(k a -i), 

define natural isomorphisms 



9 CT -i :F(A: ff -i)®I7->E7- ®F'(*; (T -i), 
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for all a G G. Then the functor F and F' are conjugated by the pair 
(U, @ a )a£G, where the commutativity of the diagram ((4|) follows from equa- 
tion ([3]) for the functor module (T,rj). 

□ 

Let M. be an indecomposable C e -module category and M. = Ind^(A^). 
Then the fusion category is G op -graded. 

If A G C is an indecomposable semisimple algebra, then aCa is a fusion 
category and B = *A A G aCa is an algebra such that b{aCa)b = C, see 
Example 3.26] (note that aCa is equivalent to C* M with reversed tensor 
product, where M = Ca)- Using the algebra B we can describe a bijective 
correspondence between module categories over C and module categories 
over aCa, the correspondence is given by 

Mod(C) -> MocI(aCa) 
M h4 a-M; 
Mod( A CA) Mod(C) 

Now we are ready to prove Theorem 11.31 

Proof of Theorem \1.3[ Let A G C e be an algebra such that .A/f = (C e )A- 
Note that aCa is a G-graded fusion category. Suppose that ((C e )Aj©) is 
an extension of ((C e )A, <8>)- Then a(Cc)a is an extension of aCa, so by 
Proposition 16.31 a(C)a is a semidirect G-product fusion category. 

Conversely, let A G C e such that aCa is a semidirect G-product fusion 
category. Then by Proposition 16.31 it defines an extension (A(Ce)Aj©) of 
U(C e )A,<S>)- For 5 = *A® A e C e we have that b(a(C 6 )a)b = C, so 
using this tensor equivalence we have a structure of C-module category over 
b(a(C 6 )a) = (C e )A which is an extension of (C e )A- 

The second part follows from the second part of Proposition 16.31 □ 

Corollary 6.4. Let C be a G-graded fusion category. If M. is an extension of 
an indecomposable C e -module category, then C* M is a G° v -equivariantization 
of {C e )* M . Conversely, if C is a G op -equivariantization and M. is an inde- 
composable C e -module category, then C* M is a G-graded fusion category with 

{C*M)e — {Ce)*M- 

Proof. Using the same argument as in proof of Theorem 11.31 it is enough to 
see the case in which Ai is the C e -module category (C e , <S>). 

By Theorem 11.31 there exists an action * : G — > Aut g,(C e ), such that 
C = C e xi G. The category C is a C e X G-module category with action [V, a] ® 
W = V ® a*(W), see [TBI Proposition 3.2] or [2U Example 2.4.]. Moreover, 
the tensor category (C e x G)£ , is monoidally equivalent to (C^) rev the G- 
equivariantization of C with reversed tensor product, see |161 Proposition 
3.2]. Conversely, C e is a C^-module category through the forgetful functor 
Cf ->• C e , (V, /) i-> V, thus (Cf )£ ^ (C e xG) rev , see [HI Proposition 3.2]. □ 
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Remark 6.5. Let H be a semisimple Hopf algebra such that the category of 
.ff-comodules, Corep(-ff), is a G-graded fusion category. Hence the forgetful 
functor Corep(if) — > Vec defines a structure of Corep(ff)-module category 
over Vec, and it is an extension as Corep(-fT) e -module category. By Corollary 
16.41 Rep(ff) = Corep(-ff)y cc is a G op -equivariantization. 

Conversely, if C is a G-equivariantization of the category of representations 
of a semisimple Hopf algebra Q, then U o Forg is a fiber functor of C, where 
Forg: C ->• Rep(Q), (V, /) V is the forgetful functor, and U : Rep(Q) ->■ 
Vec is the forgetful functor of Rep(Q). Thus, by Tannaka-Krein reconstruc- 
tion C is the category of representations of a semisimple Hopf algebra H, 
and by Corollary 16.41 Rep(H *) = C Vec is a G op -graded fusion category. 

Remark 6.6. Theorem 11.31 and Corollary 14.41 reduce the problem of con- 
structing module categories over a graded fusion category C = Q) aeG , to 
the following steps: 

(1) Classifying the indecomposable C e -module categories. 

(2) Finding the subgroup S and the indecomposable C e -module cate- 
gories J\f, such that AT is S- invariant. 

(3) Determining if J r e s (Ind c s (.A/'),Ind c S! (A/')) is equivalent to a semi- 
direct S' op -product fusion category. 

(4) Finding all graded functors from Vecsop to Teg (M, M) , up to conju- 
gation. 

We shall briefly describe a way to solve the steps (3) and (4). 

1. If C is a G-graded fusion category we have the following sequence of 
groups 

(5) U(C e ) U(C) G 

where i is the inclusion and deg(X) = a if X £ C a . 

Note that a G-graded fusion category is a crossed product fusion category 
if and only if the sequence ([5]) is exact. By Lemma 16. 1\ C is monoidally 
equivalent to a semi-direct product fusion category if and only if the sequence 
(|5|) is exact and there exists a splitting morphism of deg, i.e., there exists 
a group morphism ir : G — >• U(C) with dego7r = idg (thus ([!]) is a split 
extension), such that the obstruction u)(T>) of the fusion subcategory T> C C 
generated by {ir(a)} ae G is zero (see Subsection 12.21 for the definition of the 
obstruction of a pointed fusion category). 

2. Let G and N be groups and * : G — > Aut(iV) a group morphism. A 
function 9 : G —¥ N, a, t— > 9 a is called a 1-cocycle from G to iV if 

9 a 9 T = 9 a a*(9 T ) 

for all a,T € G. The set of all 1-cocycles is denoted by Z 1 (G, N). The group 
N acts over Z 1 (G,N) by 

(u ■ 9) a = u9 rj a 1r (u^ 1 ), 
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for all u G N, a G G, 9 G Z 1 (G J iV). The set of orbits Z\G, N) /G is denoted 
by N), and two 1-cocycles in the same orbit are called cohomologous. 

Suppose that C = C e x G is a semi-direct product fusion category. Hence 
U(C) = U(C e ) x G, and the sequence ([5]) is a semidirect product extension. 
Recall that there is a bijective correspondence between 1-cocycles from G to 
U(C e ) and splitting homomorphisms of deg. In fact, given 9 G Z 1 (G, U(C e )) 
the map ttq : G — >■ U(C e ) x G,<j H- [#o-,0l is a splitting morphism of deg. 
Conversely, if irg : G — > U{C e ) x G, a i-> [#o-,cr] is a splitting morphism, 
the map 9 : G — > U(C e ),a h- >■ # CT is a 1-cocycle. Moreover, the splitting 
morphisms are conjugate by an element in U (C e ) if and only if the 1-cocycles 
associated are cohomologous. 

Definition 6.7. Let uj G H 3 (U(C),k*) be the obstruction of the maximal 
pointed fusion subcategory of C, and let 9 : G — > U(C e ) be a 1-cocycle. The 
obstruction of 9 is defined as the cohomology class of oj\x b G H 3 (Xg, k*), 
where X e = {%, a]} aeG C U(C e ) x G. 

Without loss of generality we may assume that C is skeletal. Thus there 
is a unique 3-cocycle uj G Z 3 (U(C), k*), such that a<T,r,p = w(a, rp)id (T ^ rl g ) p, 
and the cohomology class of uj is the obstruction of the maximal pointed 
fusion subcategory of C. 

Let 9 G Z\G,U(C)) such that [uj\ Xe ] = 0, and = {7 G C7 2 (G, fc* )|<5( 7 ) = 
a;|x e }- Then a graded tensor functor (F, 7) :Vecc — >■ C with /c CT 1— > [9 a ,a] 
defines an element 7' G L^, by 

(6) lk a ,k T = "f'(a,T)id F{k<y)<S)FikT) , 

for all cr, r G G. Conversely, using the formula ([6]) every element in L e u 
defines a graded functor with F(k a ) = [9 a ,a] for all a £ G. 

The next proposition is a consequence of the previous discussion and 
Proposition 16.31 

Proposition 6.8. Let * : G — > Aut g,(C P ) 6e a group action over C e . Then 
there is a bijective correspondence between C e x G-extension of (C e ,CED) and 
pairs (#,7), where 9 G Z 1 {G : U(C e )) is a 1-cocycle with obstruction zero and 
7 G Li = {7 G C 2 (G,F) |,5(7) = uj\ Xe }. Two pairs (9,j e ), define 
equivalent C-extensions if and only if there is u G U(C e ) and k G C 1 (G, k*), 
such that 9 = u ■ v, and 

Y{o-,t) = j e (a,T)5(K)(a,T)uj([9 (7 ,a], [0 r ,r], [u, e])uj([6 a , a], [u,e], [v t ,t]) 

for all a,T G G. 

□ 

Remark 6.9. The group Z 2 (G,k*) acts on by multiplication, and this 
action is free and transitive. Thus L^ is a torsor over Z 2 (G,k*), and there 
is a (non natural) bijective correspondence between L^ and Z 2 (G, k*). Also, 
note that 7,7' G Lf, define tensor equivalent graded functors if and only if 
77" 1 G Z 2 (G,k*). Then set of tensor equivalence classes of graded functor 
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with splitting homomorphism defined by 9 G Z 1 {G,U{C e )) is a torsor over 
H 2 (G,k*). 
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